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Abstract

We study the thermodynamic properties and microscopic structure of liquid-
liquid and liquid-vapor interfaces in Ising spin fluids by an integral equation
(IE) approach. The coupled set of the Lovett-Mou-Buff-Wertheim equations
for the inhomogeneous one-particle distribution functions and the Ornstein-
Zernike equations for the bulk twoparticle correlation functions complimented
by the closure relation are solved using a modified soft mean spherical ap-
proximation. The twoparticle inhomogeneous direct correlation functions are
consistently constructed by nonlinear interpolation of the bulk ones corre-
sponding to the coexisting phases. The density and magnetization profiles at
the liquid-liquid and liquid-vapor interfaces are calculated in a wide range of
temperatures including subcritical regions. The liquid-liquid adsorption coeffi-
cient and the liquid-vapor surface tension are evaluated as well. The influence
of the external magnetic field on the structure of the liquid-vapor interfaces is
also analyzed.

The Ising fluid model

The Hamiltonian of a 3-dimensional Ising fluid in an external magnetic field B(r) reads

H =
N

∑

i<j

[

ϕ(rij) − J(rij) sisj

]

−
N

∑

i=1

siB(ri),

rij = |ri − rj |, r = (rx , ry , rz), si = ±1.

Ferromagnetic exchange interaction and nonmagnetic repulsion are given by

J(r) =
εσ

r
exp

[

− r − σ

σ

]

> 0, ϕ(r) =







4ε

[

(σ

r

)12

−
(σ

r

)6
]

+ ε , r < 6
√

2σ

0 , r ≥ 6
√

2σ

The system can be mapped to a binary nonmagnetic mixture:

N+ : si = +1, N− : si = −1, N+ + N− = N

H =
N+
∑

i<j

φ++(rij) +
N−
∑

i<j

φ−−(rij) +
N+,N−
∑

i ,j=1

φ+−(rij) − Ψ

φ++(r) = φ−−(r) = ϕ(r) − J(r) , φ+−(r) = φ−+(r) = ϕ(r) + J(r)

Ψ =
N+
∑

i=1

B(ri) −
N−
∑

i=1

B(ri), B(r) ≡ B , Ψ = BM , M =
N

∑

i=1

si = N+ − N−

Inhomogeneous IE approach

We consider a planar interface perpendicular to the z-axis,

ρ±(r) ≡ ρ±(z), B(r) ≡ B(z),

introducing cylindrical coordinates

r = (s, z), s = (s,ψ), s12 = |s1 − s2|, r12 = [s2
12 + (z1 − z2)

2]1/2,

such that the pair correlation functions can be written as (α, β = +,−):

hαβ(r1, r2) ≡ hαβ(s12, z1, z2), cαβ(r1, r2) ≡ cαβ(s12, z1, z2), gαβ ≡ hαβ + 1.

The one-particle density distribution fuctions ρα and the two-particle direct and total cor-

relation functions cαβ and hαβ are connected via the LMBW (Lovett-Mou-Buff-Wertheim)
equations,

d ln ρα(z1)

dz1
=

1

kBT

dBα(z1)

dz1
+ 2π

∑

β=+,−

∫ ∞

−∞
dz2

∫ ∞

0

sdscαβ(s, z1, z2)
dρβ(z2)

dz2
,

the IOZ (Inhomogeneous Ornstein-Zernike) equations,

hαβ(s, z1, z2) = cαβ(s, z1, z2)

+
∑

γ=+,−

∫

ds′
∫

dz3cαγ(|s − s′|, z1, z3)ργ(z3) hγβ(s
′, z3, z2),

and the closure relation,

gαβ(s, z1, z2) = exp
[

−φαβ(r12)

kBT
+hαβ(s, z1, z2)−cαβ(s, z1, z2)+bαβ(s, z1, z2)

]

,

where we use for the bridge function bαβ the MSMSA (Modified Soft Mean Spherical Ap-
proximation [2]), defined as

bαβ(s, z1, z2) =

{

ln[1 + ταβ(s, z1, z2)] − ταβ(s, z1, z2) , ταβ(s, z1, z2) > 0

0 , ταβ(s, z1, z2) ≤ 0
,

with the renormalized indirect correlation function given by

ταβ(s, z1, z2) = hαβ(s, z1, z2) − cαβ(s, z1, z2) −
φαβ(r12) − ϕ(r12)

kBT
exp

[

− ϕ(r12)

kBT

]

.

Interpolation of correlation functions

The inhomogeneous direct correlation functions cαβ(s, z1, z2) are consistently interpolated
between the bulk functions cblk

αβ (r) obtained within the homogeneous OZ-MSMSA approach:

cαβ(s, z1, z2) =
1

2

[

cαβ(r12; ρ(z1))+cαβ(r12; ρ(z2))

]

, ρ(z) = {ρ+(z), ρ−(z)},

cαβ(r ; ρ) =
2

∑

k=0

w̃k(ρ)cblk
αβ (r ; ρ(k)), ρ

(1,2) = (ρ
(1,2)
+ , ρ

(1,2)
− ), ρ

(0)
± → +0,

lim
z→−∞

ρ±(z) = ρ
(1)
± , lim

z→+∞
ρ±(z) = ρ

(2)
± ,

w1(ρ) =
ρ

(0)
+ (ρ− − ρ

(2)
− ) + ρ

(2)
+ (ρ

(0)
− − ρ−) + ρ+(ρ

(2)
− − ρ

(0)
− )

ρ
(0)
+ (ρ

(1)
− − ρ

(2)
− ) + ρ

(1)
+ (ρ

(2)
− − ρ

(0)
− ) + ρ

(2)
+ (ρ

(0)
− − ρ

(1)
− )

,

w2(ρ) =
ρ

(0)
+ (ρ

(1)
− − ρ−) + ρ

(1)
+ (ρ− − ρ

(0)
− ) + ρ+(ρ

(0)
− − ρ

(1)
− )

ρ
(0)
+ (ρ

(1)
− − ρ

(2)
− ) + ρ

(1)
+ (ρ

(2)
− − ρ

(0)
− ) + ρ

(2)
+ (ρ

(0)
− − ρ

(1)
− )

,

w0 = 1 − w1 − w2, wk ′(ρ
(k)) = δk ′k ,

with the nonlinear interpolation weights

w̃k = wk + fkw
2
k (1 − wk)

2, k = 1, 2, w̃0 = 1 − w̃1 − w̃2.

The bulk direct correlation functions fulfill homogeneous OZ equations + MSMSA closure:

hαβ(r) = cblk
αβ (r ; ρ(k)) +

∑

γ=+,−
ρ(k)
γ

∫

cblk
αγ (|r − r′|; ρ(k)) hγβ(r

′)dr′

LMBW-OZ-MSMSA reformulation

The LMBW equations now take the form

d ln ρα(z1)

dz1
=

1

kBT

dBα(z1)

dz1

+
1

2

∑

β=+,−

∫ ∞

−∞

dρβ(z2)

dz2

2
∑

k=0

[w̃k(ρ(z1)) + w̃k(ρ(z2))] c
blk
αβ (|z1 − z2|; ρ(k))dz2

with

cblk
αβ (|z1 − z2|; ρ(k)) = 2π

∫ ∞

0

sdscblk
αβ (r12; ρ

(k)).

The densities ρ
(1,2) of coexisting bulk phases at T are determined by equilibrium conditions:

P
(

ρ
(1)
+ , ρ

(1)
− , T

)

= P
(

ρ
(2)
+ , ρ

(2)
− , T

)

,

µ+

(

ρ
(1)
+ , ρ

(1)
− , T

)

= µ+

(

ρ
(2)
+ , ρ

(2)
− , T

)

≡ µeq
+ ,

µ−
(

ρ
(1)
+ , ρ

(1)
− , T

)

= µ−
(

ρ
(2)
+ , ρ

(2)
− , T

)

≡ µeq
− ,

in combination with the external field constraint [2]

µeq
− − µeq

+ = 2B ,

where

P(ρ+, ρ−, T ) = ρkBT − 2π

3

+,−
∑

α,β

ραρβ

∫ ∞

0

dφαβ
dr

gαβ(r)r
3dr ,

µα(ρ+, ρ−, T ) = kBT (ln ρα + 3 ln Λα)

+ kBT
∑

β=+,−
ρβ

∫ ∞

0

[

1

2
h2
αβ(r) − cαβ(r) −

1

2
hαβ(r)cαβ(r) + bαβ(r)gαβ(r)

− hαβ(r)

ταβ(r)

∫ ταβ(r)

0

bαβ(τ
′)dτ ′

]

4πr 2dr .

If we introduce the independent one-fluid quantities

µ = (µ++µ−)/2, ∆µ = (µ−−µ+)/2, ρ = ρ++ρ−, m = (ρ+−ρ−)/ρ,

and solve the external field constraint with respect to m, m = m(ρ, T , B), we can rewrite
the equilibrium conditions like in a simple liquid:

P
(

ρ(1), B , T
)

= P
(

ρ(2), B , T
)

,

µ
(

ρ(1), B , T
)

= µ
(

ρ(2), B , T
)

,

m(1,2) = m(ρ(1,2), T , B).

Consistency conditions

The LMBW equations require two independent integration constants:

ρ(z)|z=0 = ρ0 ∈]ρ(1), ρ(2)[, m(z)|z=0 = m0.

The consistency conditions for the liquid-vapor interface are

lim
z→−∞

ρ(z) = ρ(1) , lim
z→+∞

ρ(z) = ρ(2) , lim
z→∓∞

m(z) = m(1,2) = m(ρ(1,2), T , B),

where ρ(1,2) and m(1,2) are bulk values obtained within the homogeneous OZ-SMSA approach.
Only 3 of the 4 conditions can be fulfilled by adjusting f1, f2 and m0, but one can achieve
complete consistency by a modified interpolation scheme with coarse-grained densities:

ρ±(z) =
1

D

z+D/2
∫

z−D/2

ρ±(z ′) dz ′,

with a grain diameter D ∼ σ, which is adjusted together with f1, f2, m0

Liquid-liquid interfaces

B = 0, ρ(1) = ρ(2) = ρ, m(1) = −m(2),
T ≥ Tλ(ρ) : ρ(z) = const, m(z) = 0
T < Tλ(ρ) : ρ(z) 6= const, m(z) 6= 0

Symmetries:

ρ+(−z) = ρ−(z), ρ−(−z) = ρ+(z), ρ(−z) = ρ(z), m(−z) = −m(z)

Interpolation scheme:

m0 = 0, ρ0 : lim
z→±∞

ρ(z) = ρ, f1 = f2 = f : lim
z→∓∞

m(z) = m(1,2), D = σ

Gibbs absorption coefficient: Γ =

∞
∫

−∞

(ρ(z) − ρblk)dz , ρblk ≡ ρ

full circles: linear interpolation (f = 0); open circles: critical points;

solid curves: nonlinear interpolation

Liquid-vapor interfaces

T ≥ Tc(B) : ρ(z) = const, m(z) = const

T < Tc(B) : ρ(z) 6= const, ρ(1) 6= ρ(2), m(z) 6= const, m(1) 6= m(2)

Interpolation scheme:

m0 : lim
z→−∞

m(z) = m(1), f2 : lim
z→+∞

ρ(z) = ρ(2), f1 = 0, D = σ

Zero field case:

circles: inhomogeneous LMBW-OZ-MSMSA theory

solid curves: homogeneous OZ-MSMSA theory
Nonzero field:

Infinite field:

circles: asymptotic values of LMBW-OZ-MSMSA density profiles

solid curve: bulk OZ-MSMSA densities

crosses: asymptotic values obtained using another (linear) inter-

polation scheme (Iatsevitch and Forstmann)

Surface tension:

γ =
πkBT

2

∑

α,β

∫ ∫ ∫

ρ′α(z1)ρ
′
β(z2)s

3cαβ(s, z1, z2) dz1dz2ds

T < Tc(B) : γ(T ) > 0, T ≥ Tc(B) : γ = 0
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